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Abstract  This paper presents a new approximation to 
the likelihood for a pedigree with loops, based on cutting 
all loops and extending the pedigree at the cuts. An 
opimum loop-cutting strategy and an iterative exten- 
sion technique are presented. The likelihood for a pedi- 
gree with loops is then approximated by the conditional 
likelihood for the entire cut-extended pedigree given the 
extended part. The approximate likelihoods are com- 
pared with the exact likelihoods obtained using the 
program MENDEL for several small pedigrees with 
loops. The approximation is efficient for large pedigrees 
with complex loops in terms of computing speed and 
memory requirements. 

Key words Likelihood �9 Peeling �9 Pedigree with 
loops �9 Segregation analysis �9 Linkage analysis 

Introduction 

The method of maximum likelihood has been used 
widely in segregation and linkage analyses involving 
pedigree data. Elston and Stewart (1971) first proposed 
an efficient algorithm to compute the likelihood for a 
pedigree without loops. This approach has been ex- 
tended for pedigrees with loops (Lange and Elston 1975; 
Cannings et al. 1978; Lange and Boehnke 1983; Thomas 
1986 a, b) and used for the analysis of human pedigrees. 
These methods, however, are not suitable for analysis of 
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livestock pedigrees with complex loops and thousands 
of individuals. Recently, Monte Carlo procedures, such 
as Gibbs sampling, have been applied for segregation 
and linkage analysis (Thompson and Wijsman 1990; 
Thompson and Guo 1991; Lange and Sobel 1991; 
Thomas and Cortessis 1992; Guo and Thompson 1994). 
Gibbs sampling has the potential to overcome the prob- 
lem of computing the likelihood for large and complex 
pedigrees. It has been shown, however, that the Gibbs 
sampler may fail when applied to models with multiple 
alleles (Lange and Matthysse 1989; Thomas and Cortes- 
sis 1992), and methods to overcome this problem have 
been investigated (Sheehan and Thomas 1993). 

Two approaches have been proposed to approximate 
the likelihood for large and complex livestock pedigrees 
with loops. The first approach is based on an iterative 
algorithm (Janss et al. 1992), and the second is based on 
an algorithm that "cuts" loops (Stricker et al. 1995). The 
objective of the present paper is to combine these two 
approaches, together with other significant improve- 
ments, to obtain an approximation that is closer to the 
exact likelihood and that is more efficient than either 
approach. The approximate likelihood obtained using 
this new approach is compared with the exact likelihood 
obtained using the program MENDEL (Lange 1991) for 
several small pedigrees. 

We first present an iterative and a non-iterative 
algorithms to compute the likelihood for a pedigree 
without loops. Then we show how these two methods, 
together with loop-cutting, can be combined to approxi- 
mate the likelihood for a pedigree with loops. 

Definitions 

A pedigree is a set of related individuals that includes 
either both or neither of the two parents of each individ- 
ual in the pedigree. A pedigree consisting of three fami- 
lies is shown in Fig. 1. This pedigree will be used to 
illustrate the concepts defined in this section. A 
phenotypic value is usually associated with each mem- 
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Fig. 1 A pedigree consisting of 
three families 

% 
ber of the pedigree, but it is possible for some members 
to have missing phenotypes. Thus a pedigree contains 
information on relationships between members and on a 
trait of interest. A memeber of the pedigree is a founder if 
neither of its parents are included in the pedigree (indi- 
viduals 1 and 2), or a terminal member if it has no 
offspring included in the pedigree (individual 7). Note 
that a member, such as an isolated individual, can be 
both a founder and a terminal member. 

A nuclear family, or simply family, is a pedigree 
consisting solely of both parents and their offspring. 
There are three nuclear families in Fig. 1: FI(1, 2; 3, 4) 
F2(3, 4; 5), and F3(5, 6; 7). A connector is a family member 
who belongs to at least one other family. For example, 
individuals 3 and 4 in F1(1, 2; 3, 4) are connectors. All 
family members in F2(3, 4; 5) are connectors. In F3(5, 6; 
7), individual 5 is the only connector. A family is said to 
be terminal if it contains ony one connector. Family 
F3(5, 6; 7), for instance, is a terminal family. Two families 
are said to be neighbors to each other if they share at 
least one connector. Families FI(1, 2; 3, 4) and F2(3 , 4; 5) 
are neighbors to each other through the two connnec- 
tors 3 and 4, and families F2(3, 4; 5) and F3(5, 6; 7) are 
neighbors to each other through the one connector 5. 

The family in which an individual is an offspring is 
defined as the individual's anterior family, and the fa- 
mily in which an individual is a parent is defined as the 
individual's posterior family through the other parent. 
Individuals 1 and 2 in Fig. 1, for instance, have the 
posterior family F1(1, 2; 3, 4) through each other, and 
their anterior families are not included in the pedigree. 
Individual 3 has the anterior family FI(1, 2; 3, 4) and the 
posterior family F2(3 , 4; 5) through mate 4. Individual 4 
has the anterior family F1(1, 2; 3, 4) and the posterior 
family F2(3, 4; 5) through mate 3. Individual 5 has the 
anterior family F2(3 , 4; 5) and the posterior family F3(5, 
6; 7) through mate 6. Individual 6 has its poterior family 
F3(5, 6; 7) through mate 5. 

An individual has only one anterior family (which is 
not part of the pedigree in the case of founders) and has a 
posterior family through each mate. A terminal member 
(e.g., individual 7) has no posterior family in the pedigree. 

Computation of the likelihood for a pedigree without loops 

For a pedigree without loops, Janss et al. (1992) pro- 
posed an iterative algorithm to compute the likelihood, 

whereas Fernando et al. (1993) proposed a non-iterative 
algorithm. We will present here a modified version of the 
iterative algorithm for a pedigree without loops, using 
the concepts of anterior and posterior probabilities 
given by Fernando et al. (1993). These will be referred to 
as the anterior and posterior values, because they do not 
sum to unity. 

Iterative method 

Following Fernando et al. (1993), the log likelihood for a 
pedigree without loops can be computed through any 
member i as 

L ui j~Si A 
(1) 

where y is a vector of phenotypes (Yi) and, for indivi- 
dual i: u i is the genotype, ai(ui) is the anterior value, 
g(yffui) is the penetrance value, pij(ui) is the posterior 
value through mate j, and S~ is the set mates. These 
quantities are functions of unknown parameters, and 
we denote by L(y) the likelihood of these parameters 
for the data y. To compute the anterior value for a 
member i, it is required to compute anterior and poss- 
ibly posterior values for each of its parents and posterior 
values for each of its full sibs. To compute the 
posterior value for individual i through its mate j, 
it is required to compute anterior and posterior values 
for mate j  and posterior values for each of their offspring 
(Fernando et al. 1993). This leads to an iterative and a 
recursive algorithm to compute the likelihood. In the 
computations shown below, an iterative algorithm is 
introduced where the anterior, posterior, and pene- 
trance values are each scaled to sum to unity over 
genotypes in order to avoid numerical problems. 

To obtain the unscaled value of the log likelihood, we 
accumulate the logs of the scaling factors used to com- 
pute anterior and posterior values for each member of 
the pedigree. For member i with mother m and fa therf  
let Kg, denote the log of the scaling factor for the 
penetrance value, g(ydu~); let Kol denote the accumula- 
tive log of the scaling factors used to compute the 
anterior value, ai(u~); and let K .  denote the accumula- 
tive log for the posterior value t}~-ough mate j, Pij. These 
three log scaling factors are computed as 

Ko = log I ~ g( yi] ui) 1 (2) 

K a i  = I~am @" Kg,~ -t- 2 Kp~j -? Ka~ q- Kg~ 
jeSm ,j  :/: f 

j eS f , j  r m j eCmf , j r  i k, keSj 

I i  1 (3) + log  ~ ai(ui) 
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+ logI ~ pij(u~) 1 (4) 

where Cij(C,,~) is the set of offspring of parents i and j 
(m and f) .  Now the iterative algorithm to compute the 
log likelihood for a pedigree without loops is: 

Fig. 2 A pedigree without loops consisting of five families 

(1) For each member i: 
(i) initialize anterior values: set anterior values equal 
to the population genotype frequencies and set the 
anterior log scaling factor equal to zero, 
(ii) initialize posterior values: set posterior values 
equal to unity and set the posterior log scaling factor 
equal to zero, and 
(iii) computer penetrance values and the corre- 
sponding log scaling factor. 

(2) For each connector i: 
(i) for families in which i is an offspring, compute its 
anterior value ai(ui) from Fernando et al. (1993) and 
compute the log scaling factor Ka~ from (3), using 
current values of required quantities, 
(ii) for families in which i is a parent, compute its 
posterior value through each mate j, Pij, from Fer- 
nando et al. (1993) and compute the corresponding 
log scaling factor K , .  from formula (4), using current 

�9 Y ~ d  , . 

values of the reqmred quantities. 

(3) Repeat step 2 (usually less than ten times) until each 
of the anterior and posterior values for each member has 
converged. 

Now the log likelihood for a pedigree without loops can 
be computed through any connector i as 

log L(y)= log I~ dli(Ui)O(YilUi)jesi~I Pij(Ui)~1 

+ + G, + Z G .  (5) jeSi 
where c~i(ui), O(YilUi), and p*ij(ui) are the scaled values of 
ai(ui) , g(yilui), and Pij(Ui). 

This method of computing the likelihood, where an- 
terior and posterior values are iteratively updated as 
described above, will be called "iterative peeling". 

Non-iterative method 

present below a method to determine such an OPS for a 
pedigree without loops. This method will be used to 
approximate the likelihood for a pedigree with loops. 

The first step to determine an OPS is to identify a 
terminal family. Recall that terminal family has only one 
connector. For an identified terminal family:, compute 
its anterior value if the connector is an offspring or 
compute its posterior value through the other parent if 
the connector is a parent. The second step is to update 
the pedigree by removing all non-connector members of 
the terminal family from the pedigree. These two steps 
are repeated until only one family remains in the pedi- 
gree. Finally, choose an arbitrary member i from the last 
family; compute its anterior value if i is an offspring in 
the family or compute the posterior value fo r / t h rough  
the other parent if i is a parent in the family. Note that if 
computations are in the sequence described above, 
quantities required to compute the anterior or posterior 
values will have been computed previously. Now the log 
likelihood is computed through i using (5). In the recur- 
sive computat ion of the likelihood (Fernando et al. 
1993), an OPS is followed�9 The method described here is 
non-recursive. 

To illustrate, consider the pedigree in Fig. 2. We begin 
the process of determining an OPS by arbitrarily choos- 
ing a terminal family, say F(5, 6; 10), in this pedigree. 
Because member 6 is the connector and also a parent in 
this family, we compute its posterior value through 5, 
P6.5 (u6), and update the pedigree by removing non- 
connector members 5 and 10 from the pedigree. In the 
updated pedigree, F(1, 2; 6, 8) becomes a terminal family, 
and member 8 is the connector and one of offspring. 
Thus, we compute the anterior value for member 8, 
as(Us), and update the pedigree by removing non-con- 
nector members 1, 2, and 6 from the pedigree. Now in the 
updated pedigree, F(7, 8; 11) becomes a terminal family, 
and member 8 is the connector and also a parent. Thus, 
we compute the posterior value for 8 through 7, Ps,7 (us), 
and remove non-connector members 7 and 11 from the 
pedigree. At this stage, there are only two families in the 
updated pedigree as shown below 

Convergence of the iterative process described above 
does not depend on the sequence of computations. It is 
possible, however, to find a sequence to compute the 
anterior and posterior values such that convergence is 
achieved in one iteration. Such a sequence will be refer- 
red to as an opt imum peeling sequence (OPS). We 
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In this remaining pedigree, F(8, 9; 12) becomes a ter- 
minal family, and member 9 is the connector and a 
parent in the family. Thus we compute the posterior 
value for 9 through 8, p9,s(u9), and remove non-connec- 
tor members 8 and 12 from the pedigree. The very last 
family in the updated pedigree is F(3, 4; 9), which has no 
connector. We choose an arbitrary offspring from the 
last family, in this case member 9, and compute its 
anterior value, a9(u9). The likelihood is now computed 
through member 9 by equation (5), using the anterior 
and posterior values for member 9. Note that if compu- 
tations are in the sequence described above, quantities 
required to compute the anterior or posterior values will 
have been computed previously. For example, to com- 
pute as(us), P6,5 (u6) is required, but it has already been 
computed. 

Completion of this process yields an OPS: [p6,5(u6), 
as(us) , ps,7(us), p9,s(u9), a9(u9) ]. This sequence can be 
used repeatedly for likelihood computations such as in 
maximum-likelihood analysis. Note that an OPS is not 
unique. Sequence [ps,7(us), p6,5(u6), a9(u9) , ps,9(us), 
as(us)I, for example, is also an OPS. 

In the above development, the pedigree was reduced 
in size by removing the non-connector members of a 
terminal family, one at a time, after computing the 
anterior or posterior values for the connector. This 
method of computing the likelihood will be known as 
"terminal peeling" to distinguish this peeling strategy 
from iterative peeling discussed in the previous section. 

Terminal peeling is more efficient than iterative peel- 
ing because anterior or posterior values for each connec- 
tor are computed only once in terminal peeling, whereas 
they are computed repeatedly in iterative peeling. 

Terminal peeling can also be used to compute geno- 
type probabilities for all members of the pedigree. First, 
the pedigree is reduced to a single family by terminal 
peeling. Second, the reduced pedigree is extended by 
adding families, which were removed in reverse order. 
As each family is added, the anterior and posterior 
values that have not already been computed are also 
computed. Finally, posterior genotype probabilities are 
computed, using the formula given by Fernando (1993), 
which leads to a non-recursive algorithm to compute the 
posterior genotype probability for each member in a 
pedigree without loops. 

Approximation to the likelihood for a pedigree with loops 

cial individuals into the pedigree to cut each loop (a 
procedure to identify a loop in a pedigree is given in 
Appendix A). Introducing artificial individuals to cut 
loops results in a new "cut and extended" (cut-extended) 
pedigree, and an efficient algorithm for pedigrees with- 
out loops is then used to compute the likelihood for this 
cut-extended pedigree (Amos et al. 1986; Stricker et al. 
1995). In the present paper, we improve this approxi- 
mation to the likelihood for pedigrees with loops by 
three strategies: (1) computing the conditional likeli- 
hood for the cut-extended pedigree given the extended 
part, (2) cutting a loop by artificially introducing more 
than one individual into the pedigree, (3) choosing an 
optimum place to cut a loop. 

These strategies are evaluated by comparing the 
improved approximation to the exact likelihood com- 
puted using MENDEL (Lange 1991). 

Improvement by conditioning 

Consider the looped pedigree consisting of two families 
shown in Fig. 3. This pedigree has an inbreeding loop 
due to the mating of 3 and 4. This loop can be arbitrarily 
cut by introducing an artificial founder 4*, with the same 
phenotype as 4, as the mate of 3 and the parent of 5. This 
results in the cut-extended pedigree shown in Fig. 4. An 
efficient algorithm that is appropriate for pedigrees 
without loops, such as terminal peeling, can now be 
applied to compute the likelihood for this cut-extended 
pedigree. This likelihood could be an approximation to 
the likelihood for the original pedigree with a loop. This 
approximation can be improved by conditioning the 
likehood on the phenotype of 4*, i.e., by computing the 
likelihood for the cut-extended pedigree in Fig. 4 and 
dividing it by the likelihood for individual 4*. Such an 
approximation is the conditional likelihood for the 
phenotypes of members 1 through 5 in the cut-extended 
pedigree, given the phenotype of individual 4*. The log 
likelihood for the entire cut-extended pedigree is 
-14.1912, whereas the log conditional likelihood is 

Fig. 3 A pedigree with ioops consisting of two families. The log 
likelihood was computed for a monogenic trait controlled by a single 
locus with two alleles, allele frequencies 0.6 and 0.4, genotypic means 
10, 15, and 20, and a residual ~ N(0, 10). The phenotypic values were: 
for individual 1, 20.0; for individual 2, 14.0; for individual 4, 17.0; and 
for individual 5, 22.0. The phenotype for individual 3 was missing 

If a pedigree cannot be reduced to a single family by 
terminal peeling, then the remaining part of the pedigree 
has one or more loops. This remaining part with loops 
will be referred to as the "looped" part of the pedigree. 
There are some methods available to compute the exact 
likelihood for a pedigree with loops (Lange and Elston 
1975; Cannings et al. 1978), but these methods are not 
suitable for livestock pedigrees with complex loops and 
thousands of individuals. The likelihood for a pedigree 
with loops can be approximated by introducing artifi- 



Fig. 4 A cut-extended pedigree 
for the looped pedigree in 
Fig. 3 after the first step of the 
iteration for connector 3 

- 11.4787; the exact log likelihood for the pedigree in 
Fig. 3 is - 11.3515. 

In general, for a pedigree with multiple and nested 
loops the procedure to approximate the likelihood is to: 

(t) Identify each loop and cut it by introducing an 
artificial individual to obtain a cut-extended pedigree. 
(2) Compute the likelihood for the entire cut-extended 
pedigree using terminal peeling. 
(3) Compute the likelihood for the extended parts (i.e., 
for the artificially introduced individuals) by applying 
terminal peeling to the cut-extended pedigree after set- 
ting the phenotypes of original individuals in the cut- 
extended pedigree to be missing. 
(4) Approximate the likelihood for a pedigree with 
loops by computing the likelihood for the cut-extended 
pedigree and dividing it by the likelihood for the ext- 
ended parts. 

[ ]  Fig. 5 A cut-extended pedigree 
for the looped pedigree in 

[ ~  Fig. 3. The pedigree has been 
cut at individual 4 and extended 
by an artificial family 

Fig. 6 A cut-extended pedigree 
for the looped pedigree in Fig. 3. 
The pedigree has been cut at 
individual 4 and extended by two 
successive artificial families 

[D- 
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Improvement by extending 

In the cut-extended pedigree in Fig. 4, artificial individ- 
ual 4*, a parent of 5, is a founder, whereas in the original 
pedigree (Fig. 3) individual 4 is a non-founder with 
parents 1 and 2 and with sib 3. Thus, the cut-extended 
pedigree in Fig. 4 is further extended by introducing an 
artificial family, resulting in the cut-extended pedigree in 
Fig. 5. In this cut-extended pedigree, each artificially 
introduced individual i* is assigned the same phenotype 
as individual i. The likelihood is now approximated by 
computing the likelihood for the entire cut-extended 
pedigree and dividing it by the likelihood for the artifici- 
ally introduced family. After extension by an artificial 
family, the approximate log likelihood for the pedigree 
in Fig. 3 is -11.3818, which is closer to the exact 
log likelihood of -11.3515 than that of -11.4787 
found previously when only one artificial individual was 
introduced. 

For a pedigree with multiple loops, in general, each 
loop is cut arbitrarily by introducing an artificial family 
- the individual, its parents and full-sibs. The phenotype 
of each individual in an artificial family is the same as 
that of the corresponding original individual. The likeli- 
hood is then approximated by computing the likelihood 
for the entire cut-extended pedigree and dividing it by 
the likelihood for the artificially introduced families. 
The likelihood for the artificially introduced families is 
obtained by computing the likelihood for the cut-ex- 

tended pedigree, after setting phenotypes of the original 
individuals to be missing. Likelihoods for the cut-ex- 
tended pedigree and for the artificially introduced fami- 
lies are computed using the terminal peeling method. 

The cut pedigree in Fig. 5 can be extended even 
further by introducing an artificial mate 4 *':', with the 
same phenotype as 4, for 3*, and an offspring 5* from the 
mating of 3* and 4** (Fig. 6). The approximate log 
likelihood obtained using this cut-extended ]pedigree is 
- 11.3506. 

This process of extending the cut pedigree can be 
continued indefinitely. Let Yo be phenotypes of the 
original members in the cut-extended pedigree, and let 
Ya~, Y~,.--, be phenotypes of members of the successive- 
ly infroduced artificial families. Note that Ya, is less 
related to yo than ya~_ 1. Thus the conditional likelihood, 
L(yoly~,y~,...), converges after several extensions. The 
log conditional likelihood for the looped pedigree in 
Fig. 3, for example, converged to -11.3506 after the 
extension given in Fig. 6 (i.e., further extension did not 
change the fourth decimal digit of the log likelihood). 

Improvement by optimum loop-cutting 

A looped pedigree can be cut and extended at any 
connector. The accuracy of approximation to the likeli- 
hood obtained from the cut-extended pedigree, how- 
ever, will depend for each loop on where the looped 
pedigree is cut and extended. Here we describe rules to 
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cut and extend pedigrees that give a good approxi- 
mation to the likelihood under a wide range of condi- 
tions. These rules were determined empirically and will 
not always yield the best approximation. 

Recall that a family in a loop contains more than one 
connector, and cutting always occurs at connectors. 
There are two types of connectors in a loop. Type-I 
connectors are those with anterior and posterior fami- 
lies in the looped part of the pedigree, and type-II 
connectors are those with only posterior families in the 
looped part of the pedigree. 

It is possible to have a loop with only type-II connec- 
tors. In Fig. 3, for example, members 3 and 4 are type-I 
connectors, whereas in the following pedigree 

[] [] 

founders 1,2,3, and 4 are type-II connectors; there are no 
type-I connectors. 

A loop with a type-I connector, say individual i, can 
be cut by replacing the connnector in its posterior family 
or families with an artificial individual i*, while leaving 
the original connector in its anterior family as a terminal 
member. Starting at i*, more artificial individuals can be 
introduced appropriately as described in the previous 
subsection. These artificially introduced individuals col- 
lectively are called the "anterior extension", and cutting 
a 10op as described above will be referred to as "cutting 
with anterior extension". 

A loop with a type-II connector can be cut by replac- 
ing the connector in one of its posterior families that is 
part of the loop with an artificial individual i* as a 
founder. Starting at i*, additional artificial individuals 
can be introduced, as described in the previous subsec- 
tion. These artificially introduced individuals collective- 
ly are called the "posterior extension", and cutting a 
loop as described above will be referred to as "cutting 
with posterior extension". 

The first step in the optimum loop-cutting procedure 
is to compute anterior and posterior values for all 
connectors by iterative peeling. Second, for each type-I 
connector i in a loop, compute 

maxant = max,i [Pr(ui[Y~)] (6) 
maxu, [Pr(ui J Y i) ] 

and for each connector i (both type-1 and II) in a loop, 
through each mate j, compute 

max,, [Pr(uilypj)] 
maxpost; = max,i [Pr (ui[ Yi)-I (7) 

where Pr(u/fya), Pr(uilyi), and Pr(uilypj) are computed 
from population genotype frequencies Pr(ug) and from 
the anterior, posterior and penetrance values, as shown 
below: 

ai(@ 
Pr(ui]Y~) - ~ . ,  a,(ui) 

Pr(yi4ui) Pr(ui) 
Pr(u/fyg) = ~, ,  Pr(yi[ui )Pr(ui) 

Pr(uilYPJ) = ~ 'ipg'/Pr(ui) -1" 

For individual i, the maxu, [Pr(ui] ya) l measures the effect 
of the anterior extension on the genotype determination, 
max,,[Pr(uilyp) ] measures the effect of the posterior 
extension on the genotype determination, and maxu, 
[Pr(uirYi) ] measures the effect of the phenotype on the 
genotype determination. Relative to genotype determi- 
nation for individual i by its own phenotype, the 
maxpost; measures the effects of the posterior extensions 
and the maxant measures the effects of the anterior 
extensions. Now for each loop: 

(1) Find a type-I connector with the smallest maxant 
value. If any full-sib of this connector has been used to 
cut a lop, then cut the loop at this connector without 
anterior extension; otherwise cut the loop at this con- 
nector with anterior extension. 
(2) If(l) fails, then among those type-II connectors that 
have not been used to cut ia loop, find that with the 
smallest maxpostj value. Cut the loop at this connector 
with posterior extension. 
(3) If both (1) and (2) fail, then cut the loop at an 
arbitrary type-II connector with posterior extension. 

Algorithm to approximate the likelihood for 
a pedigree with loops 

An efficient algorithm to approximate the likelihood for 
a pedigree with loops combines the above three im- 
provements and terminal peeling. It uses the result from 
Appendix B that iterative peeling can be used to extend a 
pedigree with loops. 

Briefly, first peel off terminal families successively 
until loops are found. Next apply iterative peeling to the 
looped part. Then use the optimum loop-cutting strat- 
egy to obtain the cut-extended pedigree. Now use ter- 
minal peeling to obtain the likelihood for the cut-ext- 
ended pedigree. Compute the likelihood for the ext- 
ended part. Finally the approximate likelihood for the 
original pedigree with loops is given by the likelihood 
for the cut-extended pedigree divided by the likelihood 
for the extended part. 
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In detail, the algorithm is: 

(1) For each member i: 
(i) initialize its anterior and posterior values, and 
(ii) compute penetrance values and the correspond- 
ing log scaling factor. 

(2) Apply terminal peeling to peel off terminal families 
successively until loops are encountered. Note that 
phenotypic information from terminal families is now 
accumulated into either anterior or posterior values for 
the connectors of families that are in the looped part of 
the pedigree. 
(3) Apply iterative peeling on the looped part of the 
pedigree. 
(4) Identify a loop and cut it using the opt imum loop- 
cutting strategy. Determine an opt imum peeling se- 
quence (OPS) to peel off terminal families that result 
from loop-cutting. Repeat this process until all loops 
have been cut. 
(5) For  each member i in the cut-extended pedigree: 

(i) if i was chosen to be cut with anterior extension, 
then set the anterior values of i* to be the iteratively 
computed anterior values of i, 
(ii) if i was chosen to be cut with posterior extension 
through mate j, then set the posterior values of i* to 
be the iteratively computed posterior values of i 
through j, 
(iii) if i was chosen to be cut multiple times, say 
one cut with anterior extension and one with 
posterior extension through mate j, then set the 
anterior values of i * to be the iteratively computed 
anterior values of i and the posterior values of i* to 
be the iteratively computed posterior values of i 
throughj .  

Now a cut-extended pedigree has been generated. 
Note that the extended parts of the cut-extended pedi- 
gree were generated in step (3) by iterative peeling 
(Appendix B). 

(6) Use terminal peeling to compute the likelihood for 
the cut pedigree. Note that the iteratively computed 
anterior and posterior values for the artificially intro- 
duced individuals contribute to the likelihood. This 
gives the likelihood for the cut-extended pedigree. 
(7) Set phenotypes of all original individuals to be miss- 
ing, and apply terminal peeling again to compute the 
likelihood for the extended part. 
(8) Finally, compute L (Yo l Y~) as 

L(Yo, Yext) 
g(yo [yex~) - (8) L(y~x,) 

where Yo are phenotypes of original individuals in 
the cut-extended pedigree and Yext are phenotypes of 
extended individuals. This conditional likelihood is the 
approximation to the likelihood for a pedigree with 
loops. 

The algorithm described above will be referred to as 
the "eight-step" approximation. 

Examples 

Example 1 

Consider a pedigree with loops consisting of seven 
families (Fig. 7). Phenotypes relate to a disease control- 
led by a single recessive allele with penetrance = 0.9. 
Individuals 12 and i4 are the only two members who are 
affected. The exact log likelihood for this pedigree was 
computed using MENDEL.  

There are two loops in the pedigree. The upper-right 
loop is cut at member 10 in the family (1, 2; 9, 10) with 
anterior extension and the lower-left loop is cut at 
member 11 in the family (4, 10; 11) with anterior exten- 
sion. The cut-extended pedigree, originating from the 
looped pedigree in Fig. 7, is in Fig. 8. This cut-extended 
pedigree will be referred to as cutl 1. The approximate 
log likelihoods of curl i were computed using multiple- 
individual anterior extension and single-individual ex- 
tension (Stricker et al. 1995). These two approximations 
are referred to as cut11-m and cut11-s (Table 1). 

We compare another cutting scheme where the up- 
per-right loop is cut as in curl1 and connector 13 in 
family (3, 9; 13) is chosen to cut the lower-left loop with 
anterior extension. The approximate log likelihood for 
this cut-extended pedigree with multipe-individual an- 
terior extension was computed, and is referred to as 
cut13. The three approximations to the log likelihood, 
together with the exact value, are given in Table 1 for 
allele frequencies (p) ranging from 0.02 to ,0.98. From 
Table 1 it can be seen that cutIl-m is closer to the exact 
value than cut13 (in fact cut11-m and the exact value are 
identical to four decimal places) and multiple-individual 
extension is always better than single,-individual 
extension. 

As stated earlier, the proposed optimum-loop cutting 
strategy does not always yield the best approximation. 
In this pedigree, for example, when p < 0.35, our rule 
chooses curl l-m, which is obviously better than curl3. 
When p >~ 0.35, however, our rule chooses cut13, though 
cut11-rn is slightly better than curl 3 (Table 1). 

Fig. 7 A pedigree with loops consisting of seven families for disease 
trait. Each affected individual is drawn without a framebox 

14 

12 
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Fig .  8 A c u t - e x t e n d e d  p e d i g r e e  for  the  l o o p e d  p e d i g r e e  in  Fig.  7 

To futher study this approach, we compare the 
"eight-step" approximations with the exact log likeli- 
hoods at two fixed allele frequencies, p = 0.02 and 
p = 0.98, for a range of penetrance values (Table 2). In 
order to obtain a better visualization of Tables 1 and 2 
we plotted the log likelihoods versus allele frequencies 
(Fig. 9) and versus penetrance values (Fig. 10). It is clear 
from the two figures that the curves for the eight-step 
approximation and the exact log likelihood are verti- 
cally identical, though they need only be parallel for the 
approximation to be useful for maximum-likelihood 
estimation and hypothesis testing. 

Example 2 

To examine the accuracy of the eight-step approxi- 
mation, an extremely looped pedigree consisting of 100 
individuals with 63 loops is used. The structure of the 
pedigree can be described as follows: each often dams is 
mated to each of eight sires and there is one offspring 
from each of these 80 matings. We originally attempted 
to have ten sires as well as ten dams (100 matings) but 
M E N D E L  was not able to handle such a "large" pedi- 
gree on a SUN SparcStation2 with 46 megabytes of 
RAM. Thus two sires, as pedigree members, have no 
offspring. 

The phenotypes were simulated for a monogenic trait 
with two alleles (A:a) with frequencies of 0.7:0.3, 
genotypic means of 15:10:5 for AA:Aa:aa,  and a nor- 
mally distributed residual with mean 0 and variance 2. 
The exact log likelihood using M E N D E L  is - 350.0287, 
whereas the approximation with the optimum loop- 
cutting and the iterative extension is -349.9371, and 
with single individual extension it is -345.2400. We 
also examined our proposed approximation for this 
looped pedigree with two more sets of simulated data 
resulting from two different residual variance values: 20 
and 200. The exact log likelihoods using MENDEL for 
these two data sets were -312.2798 and -412.0731, 
respectively, whereas the approximated log likelihoods 
using the proposed eight-step approximation were 
- 311.6254 and - 412.1231. 

Example 3 

In order to demonstrate the feasibility of the eight-step 
approximation on a large pedigee, a monogenic trait, 
described in Example 2, was simulated for a pedigree of 
10000 individuals with 780 loops. These loops were 
completely arbitrary and very complex. 

We approximated the log likelihood for this large 
pedigree with complex loops. All computations were 
done on a SUN SparcStation2 with 46 megabytes of 
RAM. The exact log likelihood for this pedigree could 
not be calculated by M E N D E L  on this workstation. 
The CPU-time for the process of opt imum loop-cutting 
was around 7 min, with an additional 5 rain to compute 
log g(y o l Yext)" 

Discussion 

We have presented an efficient algorithm to approxi- 
mate the likelihood for large and complex pedigrees 
with loops by a combination of (1) conditioning the 
likelihood, (2) extending the pedigree, and (3) opt imum 
loop-cutting with terminal peeling. For pedigrees with- 
out loops, the algorithm results in the exact likelihood. 
For pedigrees with loops, the algorithm resulted in good 

T a b l e  1 C o m p a r i s o n  of 
a p p r o x i m a t i o n s  to  the  l og  
l i k e l i h o o d  w i t h  the  exac t  v a l u e  a t  
d i f ferent  a l le le  f r equenc i e s  
( p e n e t r a n c e  = 0.9) 

p exact cutl3 cutI 1-m cutI 1-s 

0.02 - 1 1 . 5 1 6 8  - -9 .5807  - 1 1 . 5 1 6 8  - -15 .9811  
0.05 - 9 . 7 2 3 3  - - 8 . 5 6 1 7  - 9 . 7 2 3 3  - 1 2 . 5 0 3 7  
0.15 --  7.7659 --  7.3169 - 7.7659 --  8.7757 
0.25 - 7.1331 - 6.8987 7.1331 - 7.4736 
0.35 - - 6 . 9 9 4 7  - - 6 . 8 5 8 2  - 6 . 9 9 4 7  - -6 .9641  
0.45 - 7 . 1 8 9 1  - 7 . 1 0 4 9  - 7 . 1 8 9 1  - 6 . 9 2 0 1  
0.55 - 7 . 6 8 5 6  - - 7 . 6 3 2 0  - 7 . 6 8 5 6  - 7 . 2 4 9 9  
0.65 - - 8 . 5 2 3 7  - 8 . 4 8 8 7  - - 8 . 5 2 3 7  - - 7 . 9 6 3 7  
0.75 - 9.8311 - 9.8078 - 9 .831 t  - 9.1729 
0.85 - 11.9490 --  11 .933l  --  11.9490 - 11.2112 
0.95 --  16.2184 - 16.2088 - 16.2184 --  15.4910 
0.98 - 1 9 . 0 8 4 5  - - 1 9 . 0 7 8 5  - - 1 9 . 0 8 4 5  - 1 8 . 5 6 6 1  
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Table 2 Comparison of approximations to the log likelihood with 
the exact value at different penetrance values (allele frequencies 
p = 0.02 and p = 0.98) 

Penetrance p = 0.02 

exact 

p = 0.98 

approx, exact approx. 

0.1 -15.7169 -15.7169 -5.9074 -5.9026 
0.2 -14.3573 -14.3573 -5.8852 -5.8779 
0.3 -13.5724 -13.5724 -6.6026 -6.5910 
0.4 -13.0224 -13.0224 -7.7577 -7.7390 
0.5 -12.6008 -12.6008 -9.2891 -9.2598 
0.6 - 12.2601 -12.2601 -11.1903 - 11.1508 
0.7 -11.9751 -11.9751 -13.4401 -13.4045 
0.8 -11.7305 -1 1 5 3 0 5  -15.9954 -15.9796 
0.9 -11.5168 -11.5168 -19.0845 -19.0845 

-10 "Z3 
O 
O .-s -12 

= -14 
133 
0 

.--I -16 

-6 L-- I ~T I I - L i I - -  

-8 ~ . X " , . ,  'X ', 

11 ~exac t  ~'. 
: ~--cut11-m Y. 
: ~ . -  cut11-s ~. 

--cut13 ~.. 

~18 

I I 

"200 0.1 0.2 013 0'.4 0,S 016 017 018 019 1.0 
Allele frequency (p) 

disease allele frequency is low (0.02). These are just the 
situations where pedigree members 10 and 11 are almost 
certain to be heterozygotes, and cutting the pedigree at 
members for whom only one genotype is possible always 
leads to the exact log likelihood. When penetrance is 
low and the allele frequency is high, on the other hand, 
pedigree members 10 and 11 are more likely to be either 
heterozygotes or non-penetrant recessive homo- 
zygotes, and it is this ambiguity that causes the approxi- 
mation. 

Two options related to the qunatities maxan~ and 
maxpostj, defined in (6) and (7), were also examined. The 
first was to substitute Pr(ui] y) for Pr(ui] y~) in the denomi- 
nators for maxant and maxpostj. The second was to 
update maxant and maxpostj before each loop-cutting 
when more than one cut was necessary. Based on limited 
testing using numerical examples, we have found that 
these two changes, in general, do not improve our 
proposed approximation to the likelihood for a pedigree 
with loops. 

The terminal peeling presented in this paper can be 
used to compute efficiently the genotype probabilities 
for each member in a pedigree without loops (Fernando 
et al. 1993) and, using the approximation developed 
here, for each member in a pedigree with loops. The 
proposed algorithm can be applied to linkage analysis 
and marker-assisted selection, and the relative merits of 
the proposed eight-step approximation and Monte 
Carlo methods remain to be investigated. 

Fig. 9 Comparison of approximations to the log likelihood with the 
exact value at different allele frequencies (penetrance = 0.9) Appendix 

-4 .I [ .I 1 i i ~7- I I 

- 6 ~  .x- -exact(0.98) 
-8 I ~ - -  approx.(0,98) 

-12 

~ -a4 

-16 

-18 

-%1 0'2 0'3 0'4 0s 0'6 0'7-o'8 o.9 
Penetrance 

Fig. 10 Comparison ofapproximations to the log likelihood with the 
exact value at different penetrance values (allele frequencies p = 0.02 
and p = 0.98) 

approximations to the exact likelihoods for the cases 
examined in this paper. The proposed algorithm is 
feasible in terms of computing speed and memory re- 
quirements for livestock pedigrees with complex loops 
and thousands of individuals. 

It is instructive to note that in Example 1 (Fig. 7) the 
cut11-m approximation results in virtually the exact log 
likelihood whenever the penetrance is high (0.9) or the 

A. Procedure to identify a loop in the pedigree 

To identify a loop in the pedigree: start by marking an arbitrary 
family, say F i. Next mark one of Fi's neighboring families. Then 
continue to mark neighbors successively, avoiding to mark the same 
family twice. Because the pedigree has one or more loops, at some 
point it will not be possible to continue without marking a family 
twice. When a family, say F, is forced to be marked twice, a loop has 
been identified. The identified loop comprises all successively marked 
families between the first and the second marking of F, including F 
itself. For example, consider the pedigree in Fig. 7. Start by marking 
arbitrary family F(1, 2; 9, 10), which has three neighboring families. 
Next mark one of them, say F(3, 9; 13). The family F(3, 9; 13) has two 
neighboring families, F(1, 2; 9, 10) and F(13, 11; 14). Family F(1, 2; 9, 
10) however has already been marked, so we mark F(I 3, 11; 14). This 
process continues, marking families F(4, 10; 11), F(10, 5; 12), F(5, 6; 7), 
and F(2, 6; 8). Family F(2, 6; 8) has two neighboring families F(1, 2; 9, 
10) and F(5, 6; 7), each of which has been marked. At this point, it is 
impossible to mark a neighbor without marking a family twice. Thus 
we are forced to mark F(1,2; 9,10) again, and a loop has been 
identified. The loop comprises all successively marked families: F(1, 2; 
9, 10), F(3, 9; 13), F(13, 11; 14), F(4, 10; 11), F(t0, 5; 12), F(5, 6; 7), and 
F(2, 6; 8). After cutting this loop at a certain place, the process is 
repeated, as necessary, to identify further loops. 

B. Extending a pedigree with loops by iterative peeling 

Iterative peeling as described in this paper results in extending a 
pedigree with loops. Consider the pedigree with one loop in Fig. 3. 
First, we initialize anterior and posterior values for each member and 
compute the penetrance values and the corresponding log scaling 
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factors. Then we compute the anterior and posterior values for 
connectors 3 and 4, sequentially. 

In the first step of the iteration, computing the anterior values of 
connector 3, a 3 (u3), requires the anterior values of its parents 1 and 2 
and the posterior values of full-sib 4 through its mate 3, P4,3(u4) - The 
posterior values p4,3(U4) have been initialized to ones as if full-sib 4 
had no mate, and these values are used to compute a3(u3). Then the 
posterior values of connector 3 through its mate 4, P3,4(u3), are 
computed, requiring the anterior values of 4. The anterior values of 4 
have been initialized as if connector 4 was a founder, and P3,4(u3) is 
computed using these anterior values for connector 4. Thus the 
iteratively computed a 3(u3) and P3,4(u3) in the first step of the iteration 
are identical to the a3(u3) and p3,4,(U3) obtained from the cut- 
extended pedigree in Fig. 4. 

Still in the first step of the iteration, we need to compute the 
anterior values of connector 4. This computation requires the anter- 
ior values of its parents 1 and 2 and the posterior values of full-sib 3 
through its mate 4. The posterior values p3,4(u3) were computed 
during the first step of the iteration for connector 3, and these values 
are used to compute a~(u~). Then the posterior values of connector 4 
through its mate 3, p4,3(u4), are computed. These values require the 
anterior values of individual 3, which were already computed. Thus 
the iteratively computed values a4(ur and p4,3(u~) in the first step of 
the iteration are identical to the ae(u4) and P4*,3(u4*) obtained fi-om the 
cut-extended pedigree in Fig. 4. 

In the second step of the iteration, computing a3(u3) requires 
al(ul), a2(uz), and p4,3(u4). The required p4,3(u4) was already com- 
puted in the first iteration using a3(u3), which in turn used a~(ul), 
a=(u2), and the initialized p4,3(u4). Then p3,4(u3) is computed, requir- 
ing a4(u~). The required a4(u4) was already computed in the first 
iteration using a~(ul), a2(u2), and P3,4(u3). Thus the anterior and 
posterior values a3(u3) and P3,4(u3) obtained in the second step of the 
iteration, are identical to the a3(u3) and p3,4.(u3) obtained from the 
cut-extended pedigree in Fig. 11. 

Still in the second step of the iteration, we need to compute a4(u4), 
which requires al(ul), a2(u~), and P3,4(U3). Again p3,~(u3) was com- 
puted during the second step of the iteration for connector 3, and is 
now used to compute a4(u4). Then P4,a(U4) is computed, requiring 
a 3 (U3). The required a 3 (u3) in turn was computed during the second 
step of the iteration for connector 3. Thus the anterior and posterior 
values a,~(u4) and P4,3 (u~), obtained in the second step of the iteration, 
are identical to the a~(u4) and p4,3(u4.) obtained from the cut- 
extended pedigree in Fig. 11. 

After further iterations, the cut-extended pedigree will look like a 
spiral (see Fig. 12): the more iterations, the more turns in the spiral. 
Thus, the results from iteratively peeling a looped pedigree are 
identical to those from the corresponding cut-extended pedigree. 

Fig. 11 A cut-extended pedigree for the looped pedigree in Fig. 3 
after the second step of the iteration for connectors 3 and 4 

u-] 

Yp 

Fig. 12 A cut-extended pedigree for the Iooped pedigree in Fig. 3 
after the second step of the iteration has been completed. Anterior and 
posterior extensions are drawn as coils 

Fig, 13 A cut-extended pedigree 
for looped pedigree in Fig. 3 
using an extension anterior to 4 

L 

Fortunately, no matter how much further a looped pedigree has been 
extended (see Fig. 12), we are able to split the cut-extended pedigree 
into three parts: Yo, Ya and yp, where Yo are the phenotypes of the 
original members in the cut-extended pedigree (note that member 4 is 
no longer a mate of 3), Ya are the phenotypes of individuals introduced 
anterior to 4 , including the phenotype of 4 , and Ye are the pheno- 
types of individuals introduced posterior to 4*. This distinction 
enables the conditioning of the likelihood on the extended part of the 
looped pedigree. We have found that conditioning on one of these 
extensions is better than conditioning on all extensions available. 
Thus, after iterative peeling, loop cutting can be applied to the looped 
part of the pedigree. The iteratively computed anterior or posterior 
values are then attached to the artificially introduced individuals 
through which a loop is cut. Then, terminal peeling is appplied to peel 
off terminal families. From the above, it is obvious that cutting the 
looped part of a pedigree at different places results in different 
extended parts of the pedigree. Terminal peeling is now applied to the 
pedigree in Fig. 13. 

Consider again the looped pedigree in Fig. 3, and assume that two 
steps of iterative peeling have been applied. Subsequently, the loop 
was cut at connector 4, which is thus duplicated, resulting in 4* with 
the same phenotype as 4. The anterior values of 4* are set to the 
iteratively computed anterior values for individual 4. Note that these 
iteratively computed anterior values correspond exactly to the anter- 
ior values for individual 4* in Fig. 11. Terminal peeling can now be 
applied to the pedigree in Fig. 13. 
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